SO GIAO DUC VADAO TAO  Ki THI CHON POI TUYEN HQC SINH GIOI THANH PHO

HA NOI LGP 12 THPT NAM HOC 2020 - 2021
DE CHINH THU'C Mén thi: TOAN

Ngay thi thir nhat: /9/10/2020
Thoi gian lam bai: 180 phut
(Dé thi gém 01 trang)

Bai 1 (5 diém)

uﬂ
2"u, +3

Cho ddy s6 (x,) xdc dinh béi u, =1 va u, = ,n2l.

Tim gidi han Iim:fz.
Bai 2 (5 diém)

Cho da thitc P(x)=(x- a)(x-a,)..(x—a,) -3, trong d6 a,,a,,...,a, 12 cic
s0 nguyén d6i mot khac nhau, Chung minh P(x) khong phén tich dugc thanh tich
cta hai da thie véi hé s6 nguyén c6 bic 1én hon hofic bing 1.

Bai 3 (3 diém)
Cho tam gidc ABC can tai 4 (m {90“) vai M la trung diém cia doan

thing AB. Ly diém N thudc doan thing CM sao cho CBN = ACM.
a) Chimg I:ninh dudmg tron ngoai tiép tam gidc BCN tiép xtic voi dudng tron
ngoai tiép tam gidc AMN.
b) Poan thing AC cit dudng tron ngoai tiép tam gidc AMN tai diém thir hai P,
Goi / la trung diém cua doan thing BC. Ching minh dudng thing NP di
qua trung diém cila doan thiang M.

Bai 4 (5 diém)
Tim s6 b s6 nguyén duong (,,a,.,...,a,;) théa man déng thari cac didu kién:
i) 1€q,<a,<...<a, < 2020;
ii) g, =i*(mod5), Vi =1,2,...,15.



SO GIAO DUC VA PAOTAO  Ki THI CHON BOI TUYEN HOC SINH GIOI THANH PHO

HA NOI LOP 12 THPT NAM HQC 2020 - 2021
PE CHINH THUC Mén thi: TOAN

Ngay thi thir hai: 20/10/2020
Thai gian lam bai: 180 phut
(Dé thi gém 01 trang)
Bii 5 (6 diém)

Tim tat ca cac ham sé f:R — R théa man

2
f(4xf (x)+ () =4(/(x)) +» ¥x,yeR.

Bai 6 (7 diém)

Cho tam gidc ABC nhon (AB < AC) néi tiép dudmg tron (0). Céc dudng
cao AD,BE va CF cla tam gidgc 4BC dbng quy tai diém H. Pudng thing EF
cit dudng thing BC tai diém S. Qua S ké céc tiép tuyén SX,SY toi dudng tron
(0), v6i X, ¥ la céc tiép diém.

a) Chimg minh D, X va Y laba diém thing hang.
b) Goi I 1a giao diém cta hai duémg thing XY va EF. Chirng minh dudmg
thing /H di qua trung diém cta doan thing BC.
Bai 7 (7 diém)
Cho p 12 mét s6 nguyén té lém hon 3.
|
a) Chimg minh i(c:; )’ =0 (mod p*).
i=]
b) Cho » 1a mt s nguyén duong théa man n=1(mod p).
Chimg minh C} =n (mod p*).



DE THI CHON DT HSG QUOC GIA TP HA NOI
NAM HOC 2020-2021

Phan Phuong Diic - Nguyén Tién Diing

A.NGAY THU NHAT (19/10/2020)

Bai 1. Cho day s6 (u,,) xdc dinh bdi uy = 1 va u,,, = QUﬁ Vn > 1. Tim gi6i han lim /i,
nu,,
Bai 2. Cho da thiic P(z) = (v — a1) (x — ag) -+ (x — ag) — 3, trong d6 ay, ay, - - - , ag 1a cac s6 nguyén doi

mot khac nhau. Chiing minh P(x) khong phan tich dugc thanh tich ctia hai da thic v6i hé sb nguyén c6 bac
16n hon hoic bang 1.

Bai 3. Cho tam gidc ABC can tai A (Z/BAC < 90°) va M 1a trung diém ctia doan thang AB. Ly diém N
thudc doan thang C'M sao cho ZOBN = ZACM.

a) Ching minh dudng tron ngoai tiép tam gidac BC'N tiép xtc v6i dudng tron ngoai tiép tam gidc AMN.
b) Poan thang AC cit dudng tron ngoai tiép tam gidc AM N tai diém thit hai 1a P. Goi I 1a trung diém
ctia doan thang BC'. Chiing minh duong thang N P di qua trung diém ctia doan thang M I.
Bai 4. Tim s6 bd nguyén duong (ay, as, - - - ,a1s) thda man dong thdi céc diéu kién sau:

1) 1<ar <as <+ <apy <2020,

ii) a; =* (mod 5), Vi=1,2,---,15.

B. NGAY THU HAI (20/10/2020)
Bai 5. Tim tit ca cdc ham s6 f : R — R théa méan

f(Azf(2) + f(y) = 4(F(@)° +y, Yo,y €R.
Bai 6. Cho tam gidc ABC nhon (AB < AC) noi tiép dudng tron (O). Céac dudng cao AD, BE va C'F cia
tam gidgc ABC ddng quy tai . Puong thang EF cit dudng thang BC tai diém S. Qua S ké céc tiép tuyén
SX,SY t6i duong tron (O), véi X, Y 1a cic tiép diém.
a) Chiing minh D, X,Y thiang hang.

b) Goi I la giao diém clia hai duong thang XY va EF. Chiing minh dudng thang [ H di qua trung diém
ctia doan thang BC.

Bai 7. Cho p 1a mot s6 nguyén t6 16n hon 3.

p—1
a) Ching minh Z (C;)2 =0 (mod p?).

=1

b) Cho n 1a mot s6 nguyén duong théa man n = 1 (mod p). Ching minh C%, = n (mod p*).
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C. HUGNG DAN GIAI

Up

Bai 1. Cho day s6 ») xac dinh bdi =1lvauy, 1 = ———
i o day so (u,) xac din 1 Va Up 1 S 13

, Vn > 1. Tim gid6i han lim {/u,,.

Lui gidi:
Tir gia thiét, d& chiing minh bing quy nap: u,, # 0,Vn € N*.

e 1 3
Khi d6, taco: —— = 2" + —
Un+1 Un,

1 1 1
+ ontl :3<——|—2”) =...=3" <—+2) = 3nt!
un—f—l Unp 1
1 1

‘v’nER

U, 3" — 2

Khi do, lim ~/u,, = — \/3”7"
3 lim W 1-—

Bai 2. Cho da thiic P(z) = (z — a1) (x — ag) - - (x — ag) — 3, trong d6 a1, as, - - - , ag 1a cac sd nguyén doi

mot khac nhau. Ching minh P(x) khong phan tich dugc thanh tich clia hai da thic v6i hé s6 nguyén c6 bac

16n hon hoic bang 1.

Loi giai:

Gia st ¢6 thé phan tich duge P(x) = F(z).G(z), v6i F(z),G(z) € Z[x], deg F,deg G > 1.

KMTTQ, gia st deg F' < deg G. Do deg I’ + deg G = deg P = 9 nén deg F' < 4.

Tu dé bai, ta c6: F(a;).G(a;) = 3, Vi = 1,9 = F(a;) € {£1;43}, Vi = 1,9. Do 1 < deg F' < 4 nén
khong ton tai 5 gid tri F'(a;) bing nhau.

Mit khéc, theo nguyén li Dirichlet, ton tai > 3 gid tri F'(a;) bing nhau. KMTTQ, gi& st F(a;) = F(ay) =
F(az) =a= F(x) = (r —a1)(z — a2)(z — a3)Q(z) + a, (a € {£1;+£3}).

Khi d6, ta xét cac TH sau:

THI: Néu ton tai i # j € 4,9 ma F(a;), F(a;) = a +2

= (a; — ar)(a; — az)(a; — a3)Q(a;) = £2; (a; — a1)(a; — az)(a; — a3)Q(a;) = £2.

Do a; # as # a3 = a; — a1;a; — as; a; — az 6 1 sb bﬁng 1,156 bi”lng —1,1sd bﬁng +2.

KMTTQ, giasta;, —a; = 1; a; —ay = —1.

Tuong tu, a; — ai;a; — ag;a; — az c6 1 s bang 1, 1 s6 bang —1, 1 s6 bang +-2.
=a—-—a+ta—a+ta—a=0=a —a+a —ay+a; —az (mod 2) = a; = a; (mod 2).

a;—a; =a; —a; (mod 2) = a; —a; =—1
=

a; — ay = a; — ay (mod 2) = a; —as = 1.
=a;—a1+a;—ay=0=a; —a +a; —ay = a; = a; (v0 Ii).
TH2: Néu khong ton tai 4, thda man THI1, thi phdi c6 5 gia tri, KMTTQ 1a as, ag, ar, as, ag sao cho
F(as) = F(ag) = F(ay) = F(ag) = b; F(ag) =b=+2.
= F(z) = (z —as)(x —ag)(x — a7)(x — ag) + b = (ag — as)(ag — ag)(ag — a7)(ag — ag) = +2.
Khi d6, phai c6 2 trong céc sb ag — as, ag — ag, ag — ar, ag — ag bﬁng nhau (vo 1i).

Suy ra dpcm.
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Bai 3. Cho tam gidc ABC can tai A (Z/BAC < 90°) va M la trung diém ctia doan thang AB. Ly diém N
thudc doan thang C'M sao cho ZOCBN = ZACM.

a) Chiing minh dudng tron ngoai tiép tam giac BON tiép xiic v6i dudng tron ngoai tiép tam gidc AMN.

b) Poan thang AC cat dudng tron ngoai tiép tam gidc AM N tai diém thi hai 1a P. Goi I 1a trung diém
ctia doan thang BC'. Chting minh duting thang N P di qua trung diém ctia doan thang M I.

Loi giai:

B

a) Vi LZABC = LZACB va ZCBN = ZACM nén ZABN = ZBCN.

= AMBN ~ AMCB (g9.9) = /BNM = /MBC va MN.MC = MB? = M A?
= AMAN ~ AMCA (c.g.c) = LMAN = ZMCA.

Tac6 LBNM = LZABC = ZACB = ZBCN + LZACM = ZBCN + ZMAN.
T do, ta thay (BON) tiép xtic véi (AMN).

b) Do M la dudng trung binh AABC nén M || CA.Suyra ZMIB =/ACB =/ZMNB

= BM NI la td giac noi tiép. Suyra /NMI = /NBIva /MIN = /MBN = /BCN

= ANBC ~ ANMI.

Goi PN cat M1 tai K thi ZMNK = /MAP = /BMI = Z/BNI. Do NI la dudng trung tuyén ctia
ANBC nén NK la trung tuyén ctia ANMI.
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Bai 4. Tim s6 bd nguyén duong (ay,as, - - - , a;5) thda man dong thdi cac diéu kién sau:

D 1< <ag<- - <as <2020

ii) a; =4* (mod 5), Vi=1,2,--- ,15.

Loi giai:

a, =5k, — 4

a9 — a1 = Dkg — 2

as — ags = Hks

as — a3 =5kys — 3

Tir dé bai, ta ¢6: < g5 — ay = 5ks — 1 , Vi k; € N* Vi = 1, 16.
ag — a5 = dkg — 4

a15 — ajg = ok — 1

\2020 — Q15 = 5]’61(; -5

16 16
=2020=5Y ki —35=> k=4Il

i=1 i=1
Ta thiy v6i mbi cach chon bd (k;), ta dudc 1 bd s6 ay; as; - - - ; a5 thda man dé bai

Theo bai toan chia keo Euler, s6 cach chon bo (k;) 1a C1,.

AvA (. 20 ose 1y (115
Suy ra s0 bd (ay; ag; - - ;a15) théa man la Cjp.

Bai 5. Tim tit ca cdc ham s6 f : R — R thda min

f(af(@)+ fy) =4(f(2))’ +y, (1)Va,yeR.

Loi giai:
Thay y = —4 (f(x))* vao (1), ta dugc f(A) = 0, v6i A 1a 1 biéu thic.
Thay z = A vao (1), tadude f(f(y)) = y.
Mt khdc, thay z = 0 vao (1), ta duge f(f(y)) = 4f%(0) +y = f(0) = 0.
Thay y = 0 vao (1), ta duge f(4zf(z)) = 4f%(x) (2)
Thay = -+ £(x) vio (2), ta duge: F(4F(x)f(f(2))) = 4f2(f(x)) = f(def(x) = 4® (3).
Tu (2) va (3) suy ra f2(x) = 22 = f(a) = a hodc f(a) = —a, v6i moi sd thuc a.
Gia st ton tai a, b # 0 sao cho f(a) = a va f(b) = —b.
Thay © = a,y = b vao (1), ta dugc f(4a® —b) = 4a® + b
4a*> —b=4a’>+b a=0

= = (vo 1i).
b—4a® =4a>+b b=20

) flx)=z,VreR o
Vay (thu lai thoa man).
flz)=—x,Vzx eR
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Bai 6. Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O). Cac dudng cao AD, BE va C'F clia
tam gidgc ABC ddng quy tai H. Puong thang EF cit dudng thang BC' tai diém S. Qua S ké céc tiép tuyén
SX,SY t6i duong tron (O), véi X, Y 1a cic tiép diém.

a) Chiing minh D, X, Y thang hang.

b) Goi I 1a giao diém clia hai duong thang XY va EF. Chiing minh dudng thang [ H di qua trung diém
ctia doan thang BC.

Lui giai:

a) Do AD, BE, C'F ddng quy tai H nén (SD; BC) = —1. Chi y ring SX, SY la cic tiép tuyén ctia (O),
theo hang diéu hoa co ban trong dudng tron ta c6 X, I, Y thang hang.

b) Goi M la trung diém BC. Vi (DS; BC) = —1 va H la truc tim A ABC nén theo hé thic Maclaurin ta ¢6
DM.DS = DB.DC = DA.DH. Tit d6 ta thiy H 1a truc tim AAMS. Ha SH | AM tai K.

Theo két quéa quen thudc, goi AO L EF tai L. Vi ZSXO = £SYO = ZSLO = 90° va LADS =
LAKS = ZALS =90° nén S, X, Y, O, L cung thudc dudng tron (SO) dudng kinh SO va A, D, K, L, S
cung thudc duong tron duong kinh AS.

Chay M, D, E, F cung thudc duong tron Euler cia AABC, ta c6:

SX?=SY?=SB.SC =SE.SF =SD.SM

Xét phép nghich déo tam S phuong tich SX? : M <+ D, H +» K, (SO) «+» (XY),SE +» SEval < L.
Do S, D, K, L ddng vién nén M, H, I thang hang.
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Bai 7. Cho p 1a mot sb nguyén tb 16n hon 3.

p—1
a) Chiing minh Z (C;)2 =0 (mod p°).

i=1

b) Cho n 1a mot s6 nguyén duong théa man n = 1 (mod p). Ching minh C%, = n (mod p*).

. _ (np)! )
b)TaCOC'gp:n(modp4)<:>m—n:p4
o =D =B 0P ED st o (np) = 1)

(p—1)!
& (np—1np—2)-(p—p+1)—(p—Dlip' o ((p—Dp") =1 (1)
Don=1 (modp)=>n=Fkp+1
= (1) & (kp* + 1)(kp* +2) -~ (kp* +p— 1) — (p— 1)1 p".

Xét F(x)=(z—1)(z—2)---(z—p+1)—aP ' +1.DopeP=F1)=FQ2)=---

Ma deg F' = p — 2 = tt ca céc hé sb clia F'(x) déu chia hét cho p.
DoF(p)=(p-D!=p" ' +1=(p-1!+1 (modp’). (2)

Dit F(z) = ap22? 2 + -+ + a2 + ag

=ap=(p— 1)+ 1vaF(p) = awp’+ap+(p—1)!+1 (mod p*) (3)
Tu (2) va (3) suy ra asp® + a1p:p?, maas i p = a; : p>.

=0 (mod p).

Khi d6, (kp® + 1)(kp*> +2) -+ (kp*> +p—1) — (p — 1)! = B.(kp*)? + a;.kp? | p*. Suy ra dpcm.

a) Ta ¢6 cong thiic quen thudc: (C})? + (CF)* + - - - 4 (C)* = C% (dém bing 2 céch)

O (p—1)!

;»z_:(cg)gzo (mod p*) & (2p—1)(2p—2)---2p—p+1)— (p—1)'ip’

:>§(Ci)2:(jp 9 (2p!) 5 202p—1)(2p—2) -+ (p+1) .,

Tuong ty cAu b, ta thdy (2p — 1)(2p —2)---(p+ 1) — (p — D! = C.(2p)3 + a2.(2p)® + a1.(2p) i p°,

do as i p, ay : p>.

Suy ra dpcm.
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