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1 Cong thic luong giac

1.1 Heé thic co ban

1 1

esin?z +cos?z =1 ol +tan’zr = — ol +cot’z = —;

) Ccos? x sin“ x

sin x _ Ccos X
etanr = zr.cotx =1

cosx
1.2 Cong thic cor

tana + tanb

osin(a:i:b) =sinacosb £ suiveusw - -uﬂaib) =

1 Ftanatanb
ecos(a+b) =cosacosbFsinasinb

1.3 Cong thic nhan déi

. . 2tanx
esin2x = 2sinxcosx etan2ry = ————
1 —tan“x
ecos2z = cos?z —sinx =2cos2z—1=1-—2sin’z
1.4 Cong thic nhan ba
ecos3x =4cos®x —3cosz esin3dr = 3sinz — 4sin® z
1.5 Cong thic ha bac
9 14 cos2x . 9 1 —cos2x
® COS x:T esin x:T
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1.6 Cong thitc tinh theo ¢ = tan 3

2t 1— ¢ 2t
e A ST TR
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esinz =

1.7 Coéng thitc tong thanh tich

—b b —b
osina—i—sinb:Qsina cosa2 osina—sinszcosa;_ sinOL2
a a—2>b ca+b . a-b
ecosa + cosb = 2cos cos 5 ecosa — cosb = —2sin 5 sin 5

1.8 Cong thiic tich thanh tong
ecosacosb= 1[cos(a —b) + cos(a + b)] esinasinb = %[cos(a —b) — cos(a + b)]

esinacosb = 3 [sin(a — b) + sin(a + b)]

1.9 Mot sb cong thitc khac

esinz + cosx = V2 cos (z—%) osinx—cosx:ﬁsin(x—g)
S 9
2
e(sinz + cosz)? = 1 + sin 2z esin®z +costr =1— SmQ -
. 6 6 3sin? 2z
esin"x +cos’xr=1— 1

2 Cac ly thuyét ve dao ham

2.1 Dinh nghia va cic tinh chat

1. Dinh nghia. Cho ham s6 y = f(z) xac dinh trén khoang (a, b), zg € (a,b), To+
Az € (a,b), néu ton tai giéi han (httu han)

lim f(wo + Ax) — f(x0)
Az—0 Az

dugc goi 1a dao ham cta f(x) tai xg, ki hiéu la f'(x0) hay y'(x0), khi do

F(eo) = lm JE0HEADZS@0) oy @)= S(20)

Az—0 Ax T—T0 X — X

2. Cac qui tac tinh dao ham.

(a) [f(x) £ g(x)) = f'(x) + ' (2).
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(b) () g(@)] = F'(@)g(x) + f@)g (@).
(¢) [kf(a] = kf'(x) véi k € R,
@\ F)g() - fa)g(@)
(@ <x>) W@ v g(z) # 0.

/

(e) Yy = yy,ul voiy = y(u), u = u(x).

2.2 Bang cac dao ham cg ban

Dao ham ctia ham so cdp | Dao ham ctia ham hgp v = u(z)

e(c)=0v6iceR

° (er)/ — eZE ° (eu)l — e’u. u/
e (a*) =a"lna e (a") =a“. Ina.v
e (sinz) = cosx e (sinu) =u'.cosu
o (cosz) = —sinz o (cosu) = —u'.sinu
1 u’
o (tanz) = o (tanu) =
( ) cos? x ( ) cos? u
/ 1 / / 1
o (cotz) = —— o (cotu) = —u'.—
sin” x sin“ u
2.3 Vi phan

Cho ham s6 y = f(z) x4c dinh trén (a,b) va c¢6 dao ham tai z € (a,b). Gid stt Az la
s gia clia o sao cho x + Az € (a,b). Tich f/(x)Az dugc goi 1a vi phan clia ham s
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f(z) tai x, ing véi s6 gia Az, ky hi¢u 1a df (z) hay dy. Nhu vay dy = df (z) = f'(x)dz.

3 Ly thuyét khao sat ham sb

3.1 Tinh dong bién - nghich bién ctia ham sb

Gié stt ham f(z) c6 dao ham trén khoang (a;b), khi do:
1. f'(xz) >0, Vz € (a,b) thi f(z) dong bién trén khoang (a,b).
2. f'(x) <0, Vo € (a,b) thi f(z) nghich bién trén khoang (a,b).
3. f(x) dong bién trén khoang (a,b) thi f'(z) > 0, Vx € (a,b).
4. f(x) nghich bién trén khoang (a,b) thi f'(z) <0, Vz € (a,b).

3.2 Cuyc tri ciia ham sb

Gié st ham f(z) ¢6 dao ham trén khodng (a;b) va z¢ € (a;b)

. () > 0,Vz € — h; e .
1. Néu f/(:v) z € (2o zo) thi zo 1a diém cyce dai cta f(z).
f(x) < 0,Vx € (z;20 + h)

. ! — h; . .
Néu {f (z) <0,Va € (2o = hi zo) thi zg 1a diém cyec tiéu cia f(z).

f'(x) > 0,Vx € (xo; 20 + h)

. ! =0 .
3. Neu F'(wo) thi zo 1a diém cyc dai cta f(x).
f"(xo) >0

. ! =0 " ,
4. Néu f'(o) thi zg 1a diém cyc tiéu ctia f(x).
f"(x0) <0
3.3 Gia tri I6n nhat - nhé nhat ctia ham sb
1. Xét trén mot doan:

(a) Tim 2; € [a,b], i =1,2,...,n la cdc diém tai d6 c6 dao ham bing 0 hoic
khong xac dinh.

(b) Tinh f(a), f(b), f(x;), véii=1,2,... n.

(c) So sanh dé suy ra gia tri 16n nhat va gia tri nho nhat.

2. Xét tren mot khoang : Duing bang bién thien dé khio sat ham sb.
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3.4 Dudng tiém can
Ki hiéu (C) 1& do thi ctia ham s6 y = f(x).

1. Pudng tiém can ding.

Néu mot trong cac didu kién sau xay ra

thi duong thiang z = z¢ 1a tiém can ding cta (C).

2. Dudng tiém can ngang.

Néu liT f(x) = yo hoac lim f(z) = yo thi dudng thing y = yo & tiem
r—r+00 Tr—r— 00

can ngang cua (C).

3.5 Cac buéc khao sat ham sé y = f(7)

1. Tim tap xac dinh ctia ham sb.

2. Su bién thieén

(a) Chiéu bién thien

i

ii.

iii.

Tinh v/

Tim céc nghiém ctia phuong trinh ¢’ = 0 va céc diém tai d6 ' khong
xac dinh.

Xét dau 3 va suy ra chidu bién thién ctia ham sb.

(b) Tim céc diém cuec tri (néu co).

(c) Tim céc gi6i han vo cue, cac gidi han tai +o0o, —0o va tai cac diém ma
ham s6 khong x4c dinh. Suy ra cac dudng tiem can ding va ngang (néu

o).

(d) Lap bang bién thién

3. Vé do thi: Tinh thém toa do mot sb6 diém dac biet, lap bang gia tri va dita vao
bang bién thién dé vé do thi.
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3.6 Tuong giao ctia hai do thi

1. Bién luan sb nghiém ctia phuong trinh bing do thi.
Gia st (C1) 14 do thi cia ham s6 y = f(z) va (Cz) 14 do thi ctia ham s6 y = g(z).
Khi d6 s6 nghiém ctia phuong trinh f(z) = g(x) tuong ting véi s6 giao diém
cta (C1) va (Ca).

2. Tiép tuyén véi dé thi ctia ham sb.

(a)

Dang 1.
Viét phuong trinh tiép tuyén ctia dd thi ham s6 y = f(z):
i. Tai mot diém (x¢;yo) trén do thi.
ii. Tai diém c6 hoanh do zo trén d6 thi.
iii. Tai diém c6 tung do yo trén do thi.
iv. Tai giao diém ctia do thi v6i truc tung.
v. Tai giao didm ctia do thi véi truc hoanh.
Phuong phap giai: Tim du cac gia tri zo;y0 = f(x0) v& f'(x0). Khi do,
phuong trinh tiép tuyén ctia do thi ham s6 y = f(x) tai (zo;y0) 12

Y —yo = f'(w0)(z — z0) ‘

Dang 2.

Viét phuong trinh tiép tuyén ctia dd thi ham sé y = f(x) biét tiép tuyén
song song hodc vudng goc véi duong thing y = ax + b. Phuong phép giai
nhu sau

i. Tinh ¢’ = f'(x).

ii. Néu tiép tuyén song song véi dudng thing y = ax + b thi hé s6 géc
clia tiép tuyén bing a, tic la gidi phuong trinh f/(x) = a dé tim xo.
Néu tiép tuyén vuong goc véi dudng thing y = ax + b thi hé sé géc

B 93 2 > 1 P N N 1 2 8
clia tiép tuyén bang ——, tiic 1a gidi phuong trinh f/(z) = —— dé tim
0. a a
iii. Tinh yo = f(x0).
iv. Thay vao phuong trinh tiép tuyén y — yo = f'(xo)(x — z0).
Dang 3.
Viét phuong trinh tiép tuyén di qua mot diém cho trudc dén do thi ham
s6 y = f(z). Phuong phap st dung diéu kién tiép xic: Do thi ham s
y = f(x) va dudng thang y = g(x) tiép xic tai diém c6 hoanh do g khi
o la nghiém cta hé

{f(fv) = g(z)
=g ()
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Nguyén ham va cac tinh chat

. Cho ham s f(x) xac dinh trén khoang K C R. Ham s6 F(z) goi la nguyén

ham ctia ham f(x) trén khodng K néu

F'(z) = f(z),Vz € K.

. Moi ham s6 lién tuc trén khoang K C R déu c6 nguyén ham trén doan do.

. Néu F(z) 1a mot nguyén ham ctia ham s6 f(x) trén khoang K C R thi v6i méi

hing s6 C, ham s6 G(z) = F(z) + C ciing 1a mot nguyen ham cta f(z) trén
K. Ngugc lai, néu F(z) la mot nguyén ham ctia ham s6 f(x) trén K thi moi
nguyén ham clia f(z) trén K déu c6 dang F(z) + C v6i C 1a mot hiing s6. Ki
higu ho tit ci cdc nguyén ham clia ham s6 f(x) 1a f f(x)dz, doc 1a tich phan
bat dinh cta f(z). Khi d6 [ f(z)dz = F(z) + C véi C € R.

. Céac tinh chit cd ban

a) [ f'(z)dz = f(z)+ C véi C la hing sb thyc.
b) [kf(z)dz =k [ f(z)dz véi k 1a hing s6 thuc.
(c) [1f(z) £ g(z)]dx = [ f(z)dz £ [ g(x)dx

Phuong phap tinh nguyén ham

. Phuong phap déi bién sé. Néu [ f(u)du = F(u) + C va u = u(z) la ham

$6 ¢6 dao ham lien tuc thi [ f(u(z))u/(z)du = F(u(z)) + C.

. Phuong phéap tich phan titng phan. Néu hai ham s6 u = u(x) va v = v(z)

¢6 dao ham lien tuc tréen K th [ w(z)v'(z)du = u(z)v(z) — [ o/ (z)v(z)du

Bang cac nguyén ham co ban

Nguyén ham ctia ham so cap | Nguyén ham ctia ham hop v = u(z)

e [0dz=C e [0du=C

o [dx=z+C o [du=u+C




5.1

. Dinh nghia. Cho ham s6 f(z) lien tuc trén doan
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xa+1 ua—i—l
« —_— «@ —_
Ofxdx—a+1+0 OfudU—a+1+C
1 1
o [—dz=Inz|+C o [—du=Inul+C
x U
o [efdz=e"+C o [e'du=e"“+C
a” a®
T _ u —_—
Ofadx—lna—i—C OfadU——lna—&—C
e [coszdr =sinz + C e [cosudz =sinu+C

e [sinzdx = —cosz +C e [sinudu = —cosu+C

du =tanu +C

o/

dx =tanz + C o f

cos2 cos2

du=—cotu+C

o/

dz=—cotx+C | f
sin® sin® u

Cac ly thuyét vé tich phan

Tich phan va cac tinh chat

[a,b]. Gia st F(z) la mot
nguyén ham ctia f(z) trén doan [a,b]. Hieu s6 F(b) — F(a) duge goi la tich
phan tit a dén b (hay tich phan xac dinh trén [a,b]) ctia ham s6 f(x). Ky hieu
b

1a/ f(z)dz. Khi d6

/a ' fe)de = Fla)

Truong hgp a = b ta dinh nghia / f(z)dz = 0. Trudng hop a > b ta dinh

nghia/a flx)dx = /f
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2. Cac tinh chéat ciia tich phan.
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b b
(a) / kf(z)dr = k/ f(z)dz véi k 13 hing sb.

(b) /b[f( )+ (o dz—/f dzi/b (2)d.
/f dx—/f dx+/f )dx véia < e <.

(d) Tich phan khong phu thuoc vao chit ding lam bién s6 trong dau tich
phan, tic la
b b
[ #ae= [ rerae=

5.2 Phuong phap tinh tich phan
1. Phuong phap déi bién sb

(a) Gia sit ham s6 © = () c6 dao ham lién tuc trén doan [, 3] sao cho
pla) =a, p(B) =bvaa < e(t) <b,Vt € [a,F]. Khi do

[ e = [ seaneo

(b) Gia st ham s6 u = u(z) ¢6 dao ham lién tuc trén doan [a,b] sao cho
a < u(z) < B,Vz € [a,b]. Néu f(z) = g(u(x))u/(x),Vz € [a,b], trong do
g(u) lién tuc trén doan [«, 5] thi

b u(b)
dz = d
/a f(@)da / , J

2. Phuong phéap tich phan titng phan. Néu u = u(x) va v = v(x) 1a hai ham
s6 c6 dao ham lien tuc trén doan [a, b] thi

hoac

b b b
/udv:[uv] —/ vdu |
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5.3 Ung dung cta tich phan
1. Tinh dién tich ctia hinh phing

(a) Dién tich hinh phing gi6i han bdi do thi ctia ham s6 y = f(z), hai dudng
thing = a,z = b va truc Oz 1a

)
y=f(x)
- /
5= / ()| de / )
“ A G | @iz
0 a b .

(b) Dién tich hinh phing gi6i han bdi do thi ctia hai ham s6 y = f(z),y = g(=)
va hai dudng thang z = a,z = b la

b
5= [ 1f(@) - g(w)da ‘

- -

[0) a
2. Tinh thé tich ctia vat thé tron xoay

(a) Gia st hinh phing gi6i han béi cac dudng y = f(z),y = 0 (truc Oz),z =
a,z = b khi quay quanh truc Oz tao thanh mot vat thé tron xoay. Thé
b
tich ctia vat thé d6 1a V = 7r/ [f(2)]?d.
(b) Xét duong cong c6 phuong trinh x = g(y) lién tuc v6i moi y € [a;b]. Néu

hinh gi6i han béi cac dudng x = g(y),z = 0 (truc Oy),y = a,y = b quay
quanh truc Oy thi thé tich ctia vat thé tron xoay tao thanh xac dinh bai

b
V= 7T/ [9(y)]*dy.

10
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6.1 Liiy thira

1. Liy thira véi sé6 mii nguyén duong. Véi a € R,n € N* ta c¢6

at=a.a...a
—

n thira sb

2. Liiy thita v6i s6 mii nguyén am. Véi a # 0,n € N ta c6

3. Liiy thita v6i s6 mii 0. V6i a # 0 ta c6 a® = 1.

4. Can bac n.
Cho s6 thuc b va s6 nguyén duong n = 2. Khi dé
(a) S6 a duge goi la can bac n clia b néu a™ = b, ky hieu a = {/b.
(b) Khi n 18 thi ton tai duy nhat /b véi moi b € R.
(¢) Khi n chin thi
i. Néu b < 0 thi khong ton tai cin bac n ciia b.
ii. Néu b =0 thi c6 mot can /0 = 0.
iii. Néu b > 0 thi c6 hai can ¥/b va — V/b.

5. Lity thita v6i sé mii hitu ti. Véia > 0,m,n € Z,n > 2, ta c6

6. Lity thita véi sé6 mil vé ti. Cho a > 0, a 1a mot s6 vo ti va (r,,) 1a mot day
s6 hitu ti sao cho lim r, = a, khi d6 a® = lim a"".
n—4oo n—4oo

7. Cac tinh chéat. Cho a > 0,b > 0,«, 8 € R, khi dé

(a) a®.a? = a®*P, @ _ a“ b,

B
a _ o pa. Ea:ﬁ. a\B _ B
(b) (ab) —a.b,(b> (@) = a.

(c) Néu a > 1thia® > a” < a > 3.
(d) Néu 0 < a < 1thia®>d? < a<p.

11
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6.2 Logarit

1. Pinh nghia. Cho a > 0,b > 0,a # 1, s6 a thoa déng thic a® = b dudc goi la
logarit co s6 a ctia b va ky hi¢u la log, b, nhu vay

‘azlogab@)ao‘:b

2. Cac tinh chéit

log, 1 =0; log, a =1; a'°8® = b; log, a® = «

3. Cac quy tic
(a) Véi cac s6 a,by, by > 0,a # 1, ta c6
loga(b1b2) = loga b1 + loga by
b
log,, <1> = log, b1 — log, b2
bo
(b) V6i cac s6 a,b>0,a # 1, € R,n € N*, ta c6
1 . e 1
log,, () = —log, b; log, b* = alog, b; log, Vb= -~ log, b

b

(c) Véi cac s6 a,b,c > 0,a # 1,c# 1 ta c6

log,. b 1
log, b= < 1 =
a log.a’ a log, a

1
(b 1); log, b= —log, b(a £ 0)
4. Logarit thap phan va logarit tu nhién. V6i z > 0 ta viét gon
log,ox =lg hodc log,yz =logz; log,z =Inx
6.3 Phuong trinh ma va phuong trinh logarit
1. Phuong trinh mai dang co ban
a”=b(a>0,a#1)

(a) Néu b < 0 thi phuong trinh vo nghi¢m.
(b) Néu b > 0 thi phuong trinh ¢6 nghiém duy nhat = = log, b.

(c) Cac phuong phap dé bién ddi vé dang co ban: Dua vé ciing cd s6, dit an
phu, lay logarit hai vé, ...

12
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2. Phuong trinh logarit dang co ban
log,z=0(a>0,a#1)
b

(a) Phuong trinh logarit co ban luon c6 nghieém duy nhat x = a®.
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(b) Céac phuong phap dé bién ddi vé dang cd ban: Dua vé cling cd s6, dit an
phu, mit héa hai vé, ...

6.4 Bat phuong trinh mii va bat phuong trinh logarit
1. Bat phuong trinh mii co ban
(a) Néu a > 1 thi a/® > a9(*) <= f(z) = g(x) (tinh chat dong bién).
(b) Néu 0 < a < 1 thi a/@® > a9*) «— f(z) < g(x) (tinh chat nghich bién).
2. B4t phuong trinh logarit co ban

(a) Néu a > 1 thilog, f(z) = log, g(z) <= f(z) = g(x) > 0 (tinh chat dong
bién).

(b) Néu 0 < a < 1 thi log, f(z) = log, g(z) <= 0 < f(x) < g(z) (tinh chét
nghich bién).

7 Sb6 phic

7.1 Cod ban vé sb phic
1. Sé phiic ¢6 dang
z=a+b
trong dé
(a) a la phan thyc, b 1a phan 4o, a,b € R.
(b) i 1 don vi 4o va i2 = —1.
2. Hai s6 phitc bang nhau khi va chi khi phan thyc va phan 4o tuong @ng bing
nhau, ttc la
a=c

+bi = di &
a L =C—+ a1 {b:d

3. S6 phiic z = a + bi dugc biéu dién bdi diém M (a;b) trén mat phing toa do
Ozxy. Khi d6, do dai cia OM goi 13 md dun clia s6 phiic z do6, tic 1a

E= O—J\Zf’ = Va2 + b2,

4. S6 phiic lien hgp clia z = a+ bi 1A 2 = a — bi.

13
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7.2 Cac phép toan véi sé phiic
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1. Phép cong: (a + bi) + (¢ +di) = (a+¢) + (b + d)i.
2. Phép tru: (a+bi) — (c+di) = (a — ¢) + (b —d)i.
3. Phép nhan:

(a4 bi)(c+ di) = ac + adi + cbi + bdi?
= (ac — bd) + (ad + bc)i.

4. Phép chia:

(a+0bi) (a+ bi)(c— di)
(c+di) (cH+di)(c—di)
(a+ bi)(c — di)

(2 +d?)

7.3 Phuong trinh bac hai véi hé s6 thuc
1. S6 thyc a < 0 van c¢6 cac can bac hai la iv/|a] va —iy/|al.

2. Xét phuong trinh bac hai
ar? +bxr+c=0

trong d6 a,b,c € R,a # 0. Dat A = b — 4ac

. b
(a) Néu A = 0 thi phuong trinh c¢6 nghiém kép (thuc) x = ~55
) b+ VA
(b) Néu A > 0 thi phuong trinh ¢6 2 nghiém thuc z1 2 = o
) —b+iy/]A
(¢) Néu A < 0 thi phuong trinh c6 2 nghiém phitc ;1 5 = 2;”
a

14
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